Abstract: We discuss how the Standard Model particles appear from the type IIB matrix model, which is considered to be a nonperturbative formulation of superstring theory. In particular, we are concerned with a constructive definition of the theory, in which we start with finite-N matrices and take the large-N limit afterwards. In that case, it was pointed out recently that realizing chiral fermions in the model is more difficult than it had been thought from formal arguments at N = ∞ and that introduction of a matrix version of the warp factor is necessary. Based on this new insight, we show that two generations of the Standard Model fermions can be realized by considering a rather generic configuration of fuzzy S 2 and fuzzy S 2 ×S 2 in the extra dimensions. We also show that three generations can be obtained by squashing one of the S 2 's that appear in the configuration. Chiral fermions appear at the intersections of the fuzzy manifolds with nontrivial Yukawa couplings to the Higgs field, which can be calculated from the overlap of their wave functions.
Introduction
The Standard Model of particle physics is a very successful theory in that it can describe all the phenomena up to the energy scale reachable so far by accelerators. Yet it cannot be considered as a fundamental theory since it does not include quantum gravity. Also the Standard Model has quite an involved structure with many parameters, which is expected to be explained by a fundamental theory like superstring theory. Indeed there has been a lot of work in this direction with remarkable success. Superstring theory includes quantum gravity consistently, and it is a simple theory with only one scale parameter. Despite the simpleness of the theory, one can find perturbative vacua, which give rise to the Standard Model with some extra exotic particles. However, there are some serious problems as well. It seems highly nontrivial to fix all the moduli of the perturbative vacua although there are some new ideas such as the flux compactification. Moreover, it is known that there actually exist tremendously many perturbative vacua, which is a situation commonly referred to as the string landscape nowadays. From this point of view, one cannot even explain why we live in a four-dimensional space-time since perturbative vacua can have various space-time dimensionality less than or equal to ten.
Of course, all these problems might be simply because superstring theory has been studied essentially in perturbation theory including, at most, some nonperturbative effects represented by the existence of D-branes. Therefore a different picture might emerge if one studies the theory in a completely nonperturbative framework. As a well-known example, nonperturbative studies of QCD by lattice gauge theory explained important low-energy dynamics such as confinement of quarks, which can never be understood in perturbation theory. The hadron mass spectrum has been reproduced accurately by Monte Carlo calculations based on the lattice gauge theory, and such a method has been playing a crucial role in studying various properties of hadrons. Likewise it is possible that the compactification of extra six dimensions can be understood as a nonperturbative effect in superstring theory, and that the involved structure of the Standard Model and its parameters can be understood from a rather simple structure in the extra dimensions.
As a nonperturbative formulation of superstring theory, we consider the type IIB matrix model [1] , which consists of 10 bosonic N × N Hermitian matrices A µ (µ = 0, . . . , 9) and 16 fermionic N × N Hermitian matrices Ψ α (α = 1, . . . , 16). The action of the model can be formally obtained from that of ten-dimensional N = 1 SU(N ) super Yang-Mills theory by dimensional reduction. The Yang-Mills coupling, which is the only parameter of the model, becomes just a scale parameter after the dimensional reduction since it can be absorbed by appropriate rescaling of the matrices. The type IIB matrix model has a direct connection to perturbative type IIB superstring theory, but it is expected to describe the unique nonperturbative theory of superstrings underlying the duality web of various perturbative formulations. The matrix size N corresponds to the number of sites in the lattice gauge theory, which makes the dynamical degrees of freedom in the system finite. By taking the large-N limit in an appropriate manner, one obtains a constructive definition of superstring theory. Nowhere in the definition does one have to make a perturbative expansion, hence it is a nonperturbative formulation. A particularly interesting aspect of the type IIB matrix model is that space-time is treated as a part of dynamical degrees of freedom in the bosonic matrices A µ . It is therefore possible that four-dimensional spacetime appears dynamically.
For more than fifteen years since its proposal, the type IIB matrix model has been studied in its Euclidean version, which can be obtained by making a "Wick rotation" A 0 = −iA 10 . This is fine when one calculates the interactions between D-branes at the one-loop level, for instance, but the physical meaning of the "Wick rotation" is not clear at a fully nonperturbative level unlike in quantum field theory. The Euclidean version has been studied intensively, nevertheless, because it has a finite partition function [2, 3] . See refs. [4, 5] for recent work, which suggests that spontaneous breaking of the SO (10) symmetry occurs in the Euclidean matrix model.
The Lorentzian version remained untouched until recently since it looked simply illdefined due to its non-positive-definite action. However, ref. [6] showed that the Lorentzian version can be made well-defined nonperturbatively by first introducing infrared cutoffs in both temporal and spatial directions, and then removing them in the large-N limit in such a way that the continuum and infinite-volume limits are taken. The resulting theory has no parameters other than one scale parameter. Moreover, it turned out that one can extract a real-time evolution by taking an ensemble average over matrix configurations, which showed that (3+1)-dimensional expanding universe emerges dynamically. This provides a strong evidence that the Lorentzian version of the type IIB matrix model indeed describes the unique nonperturbative theory of superstrings, and that the theory provides a natural explanation for the origin of our 4-dimensional space-time.
The aim of the present work is to discuss whether the same theory can also provide a natural explanation for the origin of the Standard Model. In particular, the Standard Model has the following peculiar features:
i) The gauge interaction is governed by SU(3) × SU(2) × U(1), which is a semi-simple group instead of being a simple one.
ii) The matter contents are fermions, which couple to the gauge fields in a characteristic manner. Quarks couple to the SU(3) gauge field, while leptons do not. Left-handed fermions couple to the SU(2) gauge field, while right-handed ones do not. The assignment of the U(1) hypercharge is quite involved.
iii) The matter contents have three generations, which couple to the gauge fields in exactly the same manner.
iv) The fermions have Yukawa couplings to the Higgs field. Due to the existence of three generations, the Yukawa couplings involve a lot of parameters, which can only be determined experimentally within the Standard Model.
We discuss how these features can be realized in the type IIB matrix model. One of the biggest obstacles in obtaining the Standard Model from higher-dimensional theories like superstring theory is that the fermions should be chiral. If one applies a naive dimensional reduction to higher dimensional theories, fermions become vector-like in four dimensions. In order to realize chiral fermions, one needs to consider, for instance, (a) orbifolding, which amounts to imposing a nontrivial identification in the extra dimensions, (b) introducing intersecting/magnetized D-branes, (c) introducing a nonzero Euler number in the Calabi-Yau compactification.
Realization of chiral fermions and the Standard Model has been discussed also in the type IIB matrix model by various authors. In ref. [7] an orbifolding condition was imposed on the matrix configuration, and it was shown to give rise to a four-dimensional theory including chiral fermions. See also refs. [8, 9] for related works. Ref. [10] studies a matrix model in which the Hermitian matrices A a (a = 4, . . . , 9) in the extra dimensions are replaced by unitary matrices U a with an action obtained as a one-site model of sixdimensional SU(N ) lattice gauge theory. These matrices U a can have solutions representing a 6d non-commutative torus carrying magnetic fluxes. Chiral fermions can be obtained in this background if one uses a Ginsparg-Wilson Dirac operator, which has an exact modified chiral symmetry. One can realize three generations of the Standard Model particles by choosing the fluxes in the 6d torus appropriately. 1 The probability distribution for the appearance of the Standard Model and other phenomenological models has been calculated in this setup [13, 14] .
While the above proposals attempt to realize chiral fermions by modifying the model, ref. [15] proposed to realize chiral fermions in the original type IIB matrix model based on the idea of intersecting branes [16] , which has been explored extensively in the phenomenological context [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . It was shown that chiral fermions indeed appear at the intersections when the branes are given by (hyper)planes [27] , which can be represented by operators or infinite dimensional matrices in the matrix model. The authors then proposed to replace these branes by fuzzy spheres and other fuzzy manifolds, which can be represented by finite-N matrices. Realization of the Standard Model has also been discussed.
Recently, two of the authors (J.N. and A.T.) [28] calculated explicitly the spectrum of the Dirac operator for a finite-N configuration suggested in ref. [15] , which represents a 5-brane and a 7-brane intersecting at a point in the extra dimensions. It was confirmed that a chiral zero mode localized at the intersection point indeed appears in the large-N limit. However, one also obtains another chiral zero mode with opposite chirality, which was not anticipated naively from the brane configuration. This result was understood as a consequence of a no-go theorem, which states that chiral fermions cannot be realized in the large-N limit of finite-N type IIB matrix model as far as one assumes that space-time is given by a direct product of our four-dimensional space-time and the space in extra six dimensions. In fact, the SO(3,1) Lorentz symmetry alone does not imply the direct product structure of space-time, and one generally obtains a warp factor. In a generic case with a nontrivial matrix M representing a warp factor, chiral zero modes in extra six dimensions do not automatically correspond to those in our four-dimensional space-time. For the above explicit configuration, it was found that there are huge degrees of freedom in M , which allows only the desired chiral zero mode to appear in four dimensions [28] . Thus one can realize a chiral fermion in the large-N limit of finite-N type IIB matrix model thanks to the matrix warp factor M .
The no-go theorem and the need for introducing a nontrivial M to avoid its consequence affect drastically the discussions on the possibilities of realizing chiral fermions and the Standard Model in the type IIB matrix model. In particular, the new insights enable us to realize chiral fermions from intersecting fuzzy S 2 and fuzzy S 2 × S 2 , which can be obtained as classical solutions in the type IIB matrix model assuming that a Myers term [29] is induced dynamically. (See refs. [30] [31] [32] , which discuss the appearance of these fuzzy manifolds in the type IIB matrix model due to quantum corrections. Note also that, including the dimensionality of our 4d space-time, fuzzy S 2 and fuzzy S 2 × S 2 correspond to a D5-brane and a D7-brane, respectively, which naturally appear in type IIB superstring theory.) The two types of fuzzy manifold intersect in the six-dimensional space generically at even number of points, which give rise to pairs of chiral fermions with opposite chirality in six dimensions. However, by using the degrees of freedom in the matrix warp factor M , one can obtain only the desired chiral zero modes in four dimensions.
Extending this basic setup, we discuss an explicit realization of the Standard Model. The SU(n) group can be realized as a subgroup of U(n), which appears naturally from n coinciding branes. First we introduce "SU(3) branes", which consist of three coinciding fuzzy S 2 ×S 2 , and "SU(2) branes", which consist of two coinciding fuzzy S 2 . In addition, we introduce a "lepton brane", which is a single fuzzy S 2 × S 2 , and an "up-type brane" and a "down-type brane", which are two separate fuzzy S 2 . Thus we end up with a configuration with five stacks of branes intersecting with each other. An important point here is that chiral fermions actually appear only from intersections of fuzzy S 2 and fuzzy S 2 × S 2 . This enables us to obtain just the chiral fermions in the Standard Model plus a right-handed neutrino, with the correct gauge interactions. One can also check that the hypercharge can be assigned to the chiral fermions consistently.
In fact, we show that the number of intersections of S 2 and S 2 × S 2 in six dimensions cannot exceed four for arbitrary radii, location of the centers and their relative angles. This implies that we can obtain only up to two generations if we restrict ourselves to such configurations. Three generations can be realized, for instance, by squashing S 2 or S 2 × S 2 that appear in the configuration. We also discuss how the Higgs field appears from the bosonic matrices, with nontrivial Yukawa couplings to the Standard Model fermions. Thus we find that all the peculiar features i)-iv) of the Standard Model listed above can be explained from a rather simple structure in the extra dimensions within the type IIB matrix model. The main results of this paper was reported by A.T. at the Workshop on Noncommutative Field Theory and Gravity, 8-15 September 2013 held in Corfu, Greece.
The rest of this paper is organized as follows. In section 2 we briefly review how chiral fermions can be realized in the type IIB matrix model following ref. [28] . In section 3 we discuss the emergence of chiral fermions from a basic configuration, which consists of fuzzy S 2 and fuzzy S 2 × S 2 . In section 4 we discuss how one can realize the Standard Model fermions by considering a matrix configuration corresponding to five stacks of branes. In section 5 we discuss the number of generations that can be realized within this setup. In section 6 we discuss how the gauge field and the Higgs field appear from the model. In particular, we discuss how nontrivial Yukawa couplings can be obtained from the overlap of wave functions. Section 7 is devoted to a summary and discussions.
Note Added: While we were preparing the manuscript, we encountered a preprint [33] , which has certain overlap with our paper.
Realizing chiral fermions in the type IIB matrix model
The type IIB matrix model has an action [1]
1)
2)
where Γ M are 32 × 32 gamma matrices in 10d. The bosonic N × N matrices A M (M = 0, · · · , 9) are traceless Hermitian, while the fermionic N × N matrices Ψ α (α = 1, . . . , 32) are Majorana-Weyl fermions in 10d, and, in particular, they satisfy
where Γ χ is the chirality operator in 10d. Since the coupling constant g can be absorbed by rescaling A µ and Ψ appropriately, it is merely a scale parameter.
The type IIB matrix model is conjectured to be a nonperturbative definition of superstring theory [1] . There are various pieces of evidence for this conjecture. First of all, the action (2.1) can be regarded as a matrix regularization of the worldsheet action of type IIB superstring theory in the Schild gauge [1] . 2 Secondly, D-branes in type IIB superstring theory can be described as simple matrix configurations, and the interaction between them can be reproduced correctly [1] . Thirdly, under a few reasonable assumptions, the string field Hamiltonian for type IIB superstring theory can be derived from Schwinger-Dyson equations for the Wilson loop operators, which are identified as creation and annihilation operators of strings [34] .
In all these connections to type IIB superstring theory, the target space coordinates are identified with the eigenvalues of the matrices A µ [35] . In particular, this identification is consistent with the supersymmetry algebra of the model, in which the translation that appears from the anti-commutator of supersymmetry generators is identified with the shift symmetry A µ → A µ + α µ 1 of the model, where α µ ∈ R. Also the fact that the model has extended N = 2 supersymmetry in ten dimensions is consistent with the assertion that the model actually includes gravity since it is known in field theory that N = 1 supersymmetry is the maximal one that can be achieved in ten dimensions without including gravity.
Below we review the general arguments in ref. [28] concerning the appearance of chiral fermions in 4d from the type IIB matrix model. In this model, the space-time is represented by the ten bosonic N × N Hermitian matrices A M (M = 0, . . . , 9). As it was shown by ref. [6] , an expanding three-dimensional space appears dynamically after some time. At later times, it is speculated that three-dimensional space becomes much larger than the typical scale of the model, and that quantum fluctuations can be neglected at large scales [36, 37] . Furthermore, as far as we do not consider too long time scale, we can neglect the expansion of space and therefore the space-time has SO(3,1) Lorentz symmetry. Thus we are led to consider matrix configurations given by
Here we assume that the n × n Hermitian matrices X µ have the property
∈ SU(n). Then (2.5) and (2.6) can be regarded as the most general configuration that is SO(3,1) invariant up to SU(N ) symmetry.
The Hermitian matrix M in (2.5) can be regarded as a matrix version of the warp factor. The special case M = 1l corresponds to a space-time which is a direct product of (3+1)-dimensional space-time and the extra dimensions. However, from the viewpoint of preserving the Lorentz symmetry, there is no reason to set M = 1l.
In order to discuss chiral fermions in 4d, it is convenient to decompose the gamma matrices in 10d into the ones in 4d and 6d as
where γ µ and ∆ a are gamma matrices in 4d and 6d, respectively, which satisfy
is the chirality operator in 4d. Note that the chirality operator Γ χ in 10d can be decomposed as
where
is the chirality operator in 6d. In the case of quantum field theory in higher dimensions, one decomposes fields into Kaluza-Klein modes, which can then be identified as four-dimensional fields. Here we make a similar analysis in the language of matrices. 3 We consider expanding the fermionic variables in terms of the eigenmodes of the Dirac operator in 6d defined by
In the explicit example to be discussed in the next section, we consider a configuration of Y a , which has a block diagonal form
Correspondingly, we decompose Φ in eq. (2.10) as
Since the Dirac operator D 6d acts on each block Φ (I,J) (I, J = 1, 2) independently, the eigenvalue problem for D 6d can be decomposed into that in each block. As we will see in the explicit example, chiral fermions actually appear in off-diagonal blocks. Therefore, from now on, we consider the eigenvalue problem for ϕ ≡ Φ (1, 2) , which is given by 
This implies that if ϕ is an eigenvector with the eigenvalue λ, ∆
χ ϕ is an eigenvector with the eigenvalue −λ. In particular, ϕ and ∆ (6d) χ ϕ are linearly independent for λ = 0. Therefore we can construct left-handed and right-handed modes by taking linear combinations of ϕ and ∆ (6d) χ ϕ with λ = 0 as
which satisfy
Thus the non-zero modes appear in pairs of right-handed and left-handed modes. On the other hand, the zero modes can be assumed to have definite chirality. Since we are considering finite-N matrices, the space of ϕ with each chirality has the same dimension. Therefore, the number of zero modes with each chirality should also be the same. However, the actual form of the zero mode ϕ with each chirality can be very different in general. This fact will be important in getting chiral fermions in 4d. Let {λ n } be a set of non-negative eigenvalues in (2.13). Then we denote the righthanded and left-handed modes corresponding to λ n by ϕ nR and ϕ nL , respectively. These modes can be normalized in such a way that they satisfy the orthonormal condition 18) where the labels A and B represent either R or L. Now we decompose the fermionic variables Ψ in (2.3) in the same way as in (2.12), and expand the off-diagonal block Ψ (1, 2) in terms of the orthonormal basis ϕ nR and ϕ nL constructed above as
Note that the matrix coefficients ψ nR and ψ nL introduced here satisfy 20) as one can see from (2.4), (2.9) and (2.16). Namely, the left-handed and right-handed modes in 6d correspond to the left-handed and right-handed modes in 4d, respectively. Note also that the other off-diagonal block Ψ (2,1) is related to the off-diagonal block Ψ (1,2) that we have considered through charge conjugation as 21) due to the Majorana condition for Ψ. This allows us to focus only on Ψ (1, 2) . In what follows we consider the case in which the matrix warp factor M in (2.5) has a block diagonal form similar to (2.11) as
Then, by substituting (2.19) into the action (2.3), we find that the case M = 1l, namely the case with M (1) = 1l and M (2) = 1l in (2.22), leads to vector-like fermions in 4d [28] .
(See also footnote 8.) Therefore we find that in order to obtain chiral fermions, we need to consider M = 1l and nonvanishing Y a . In particular, let us consider the case with λ 0 = 0 and λ n = 0 for n = 0. Suppose M (1) and M (2) satisfy
for the left-handed mode A = L, but not for the right-handed mode A = R . Then, we find that ψ 0L has an appropriate form of the action as a chiral fermion in 4d, and it does not couple to the other modes [28] . On the other hand, ψ 0R does not have an appropriate form of the action as a chiral fermion in 4d, and it couples to the massive modes with λ n = 0. This implies that we obtain only a left-handed chiral fermion in 4d. While we do not know at present the mechanism that favors the matrix M satisfying (2.23) for only one of the chiralities, we will argue that all the chiral fermions in the Standard Model can be obtained in this way by using the huge degrees of freedom in M .
3. A basic configuration with fuzzy S 2 and fuzzy
As an example of Y a , which allows nontrivial solutions to (2.13) with λ = 0, we consider an explicit finite-N configuration given by
Figure 1: The intersections of the S 2 and the S 2 × S 2 , which are given by (3.4) and (3.5), respectively. We have two intersecting points, at which chiral zero modes appear with the chirality shown by L and R for left-handed and right-handed fermions, respectively.
where we have definedL
with the radius r = 1 2 √ k 2 − 1. The top-left block and the bottom-right block in eq. (3.1) represent fuzzy S 2 and fuzzy S 2 × S 2 , respectively, and eq. (3.2) amounts to shifting them in some directions. Including the dimensionality in four-dimensional space-time, these fuzzy manifolds correspond to a D5-brane and a D7-brane, respectively, which appear naturally in type IIB superstring theory.
The intersections of the two fuzzy manifolds in eq. (3.1) can be obtained easily. The classical manifold corresponding to the fuzzy S 2 is represented by 4) whereas that corresponding to the fuzzy S 2 × S 2 is represented by
Solving (3.4) and (3.5) simultaneously, we obtain (x 5 , x 6 ) = (0, 0) and (1, 1) with x 4 = x 7 = x 8 = x 9 = 0, which represent two intersecting points in the 6d space. At the two intersecting points, we obtain chiral fermions with opposite chirality. The situation is depicted on the (x 5 , x 6 )-plane in figure 1. The configuration (3.1) looks similar to the one studied in ref. [28] following the original proposal [15] . However, there are some important differences in the bottom-right block. The Y 8 in eq. (17) of ref.
[28] involvesL 3 ⊗ L 1 . This implies that the bottom-right block in ref. [28] does not represent a fuzzy S 2 × S 2 , and hence it cannot be obtained as a classical solution in a matrix model with a Myers term. Moreover, the extent of the configuration in ref. [28] diverges in the x 8 -direction when one takes the large-k limit. On the other hand, the configuration (3.1) is completely finite in the large-k limit. This is more natural in view of the results obtained by Monte Carlo simulation [6] , which show that the extent in the six dimensions remains finite and small. We would like to solve the eigenvalue problem for the Dirac operator in 6d defined by (2.10) with Y a given above. Due to the block diagonal structure of Y a , we can decompose Φ into blocks as (2.12), and the problem reduces to solving the equation for each block. On physical grounds, it is expected that chiral zero modes appear from the off-diagonal blocks, which correspond to the degrees of freedom connecting the two different branes. Thus the problem reduces to solving the eigenvalue equation (2.13). As we explained below eq. (2.14), eigenvalues λ appear in pairs with opposite signs. In figure 2 the smallest |λ| and the second smallest one are plotted against k. We find that the smallest one vanishes rapidly with increasing k, which implies the appearance of two zero modes in the large-k limit. The second smallest |λ|, on the other hand, seems to approach a non-zero constant.
Let us take an appropriate linear combination of the two modes with the smallest |λ| so that they have definite chirality as we have done in eq. (2.15). Figure 3 shows the shape of the wave function
of the chiral mode with each chirality for k = 6. Let us recall here that (ϕ α ) ij represents represent the fuzzy S 2 and the fuzzy S 2 × S 2 , respectively. Below we explain some conventions used to make the plots in figure 3 . First, as a k-dimensional representation of the SU(2) algebra in the configuration (3.1), we use
Second, when we make a tensor product Y In this way, the indices i and j of the wave function (ϕ α ) ij correspond to the eigenvalues of L 3 in the fuzzy S 2 and the fuzzy S 2 × S 2 , respectively.
From figure 3 (Left) we find that the left-handed chiral mode has a peak at (i, j) = (1, 1). With the chosen conventions, i = 1 corresponds to the point (x 4 , x 5 , x 6 ) = (0, 0, 0) on the fuzzy S 2 (3.4), whereas j = 1 corresponds to the point (x 5 , x 6 , x 7 ) = (0, 0, 0) and (x 4 , x 8 , x 9 ) = (0, 0, 0) on the fuzzy S 2 × S 2 (3.5). Thus we find that the wave function of the left-handed chiral mode is localized at one of the intersection points (x 5 , x 6 ) = (0, 0) in figure 1 .
On the other hand, from figure 3 (Right), we find that the wave function of the righthanded chiral mode does not seem to be localized. 4 However, this is simply due to the 4 In fact, the wave function is suppressed at j > k, which implies that it is localized at (x4, x8, x9) = (0, 0, 0) on the second S 2 of S 2 × S 2 (3.5). chosen representation of the SU(2) algebra. For instance, let us make a replacement
in the fuzzy S 2 , and a replacement
in the first S 2 of the fuzzy S 2 × S 2 . The shape of the wave function (3.6) with this representation is shown in figure 4 . We find that the right-handed chiral mode has a peak at (i, j) = (6, 6). With the new convention, i = 6 corresponds to the point (x 4 , x 5 , x 6 ) = (0, 1, 1) on the fuzzy S 2 (3.4), whereas j = 6 corresponds to the point (x 5 , x 6 , x 7 ) = (1, 1, 0) and (x 4 , x 8 , x 9 ) = (0, 0, 0) on the fuzzy S 2 × S 2 (3.5). This implies that the wave function of the right-handed chiral mode is localized at one of the intersection points (x 5 , x 6 ) = (1, 1) in figure 1 . Thus, in order to see that chiral modes are localized on the intersection points from the profile of the wave function, one generally needs to choose the representation of the SU(2) algebra for each chiral mode appropriately.
In the original representation (3.1) with (3.7), the left-handed chiral mode takes a simple form
at large k, where α |χ α | 2 = 1. Note that (3.10) is a k × k 2 matrix. The matrices M (1) Figure 5 : A schematic view of the configuration with five stacks of branes, which gives rise to the Standard Model fermions and a right-handed neutrino. and M (2) which satisfy (2.23) for this mode in the large-k limit are given by
which are k × k and k 2 × k 2 Hermitian matrices, respectively. In the same representation, the wave function of the right-handed chiral mode is quite different from (3.10), and it does not satisfy (2.23) generically. Thus we can obtain a single chiral zero mode in four dimensions.
Realizing the Standard Model fermions
In this section we discuss how to realize the Standard Model fermions extending the basic setup in section 3. First we introduce gauge symmetry by replacing each of the branes by coincident multiple branes similarly to the case of D-brane effective theory. For instance, if we make a replacement
in the configuration (2.11), we obtain U(p) × U(q) gauge symmetry as a subgroup of the U(N ) symmetry of the original model. Then the chiral zero mode that appears from the top-right block Φ (1, 2) in (2.12) becomes a bi-fundamental representation (p,q). In order to realize the Standard Model fermions, we consider a matrix configuration with five diagonal blocks, Y Table 1 : (Left) The hypercharge Y , the baryon number B, the lepton number L, the left-handed charge Q L and the right-handed charge Q R for each chiral fermion are shown. (Right) The coefficients c i in (4.2) for each kind of charge are shown. The labels i = 1, . . . , 5 correspond to the SU(3) branes, the lepton brane, the SU(2) branes, the up-type brane and the down-type brane, respectively. and "SU(2) branes", which consist of two coinciding fuzzy S 2 . In addition, we introduce a "lepton brane", which is a single fuzzy S 2 × S 2 , and an "up-type brane" and a "down-type brane", which are two separate fuzzy S 2 . Thus we end up with a configuration with five stacks of branes 5 depicted in figure 5 .
In fact, chiral fermions appear only from intersections of fuzzy S 2 and fuzzy S 2 × S 2 in generic situations in six dimensions. Note first that S 2 and S 2 × S 2 have six dimensions in total, and therefore they intersect with each other at some points in six dimensions generically. On similar grounds, two S 2 do not intersect with each other. Two S 2 × S 2 intersect, but on a two-dimensional surface. In this case, the index in six dimensions vanishes unless a nontrivial flux is induced on the surface. Thus, it is possible to obtain just the chiral fermions in the Standard Model plus a right-handed neutrino, with the correct gauge interactions. 6 One can easily see that the chiral fermions have the correct representations under the gauge group SU(3) × SU(2).
The hypercharge can also be assigned to the fermions correctly. Each stack of branes produces a U(1) gauge group. Let Q i (i = 1, . . . , 5) be the U(1) charge associated with the i-th stack of branes. An open string connecting the i-th and j-th stacks of branes, which is represented by the off-diagonal block connecting the i-th and j-th diagonal blocks, has Q i = 1 and Q j = −1. Therefore, if we define a charge Q as the linear combination
the chiral fermion that appears at the intersection of the i-th and j-th stacks of branes has Q = c i − c j . By appropriately choosing the coefficients c i , one can assign the correct hypercharge to the chiral fermions appearing at all the intersections. Other choices of the coefficients c i define other U(1) charges such as the baryon number B, the lepton number 5 An analogous configuration was discussed in section 4.2 of ref. [15] , but it was dismissed for a reason that does not apply to our case. 6 For this purpose alone, one may exchange the roles of S 2 and S 2 × S 2 simultaneously. We prefer the present version, which makes our discussion on the Higgs field simpler.
The intersections of the S 2 and the S 2 × S 2 , where the latter is given by (5.1) instead of (3.5). We have four intersecting points, at which chiral zero modes appear with the chirality shown by L and R for left-handed and right-handed fermions, respectively. L, the left-handed charge Q L and the right-handed charge Q R . The charges for each chiral fermion and the values of the coefficients c i for each charge are given in table 1.
As is well known in quantum field theory, the U(1) gauge symmetries other than Y and B − L are anomalous with the above contents of chiral fermions. In the intersecting D-brane models in string theory, these anomalies are canceled by the Green-Schwarz mechanism. This occurs due to the exchange of the Ramond-Ramond field, which also makes the anomalous U(1) gauge fields and some of the anomaly-free gauge fields massive. We speculate that a similar mechanism works in the matrix model as well.
The number of generations
If all the intersections of S 2 and S 2 × S 2 in the configuration in figure 5 are similar to (3.1), we get only one generation of the Standard Model fermions. In section 5.1 we show a simple example in which one can get two generations by modifying the configuration (3.1). In section 5.2 we generalize the argument and show that one cannot get more than two generations by changing the radii of the S 2 's in the configuration or by shifting/rotating the fuzzy manifolds relatively. In section 5.3 we show that three generations can be obtained by squashing one of the S 2 of the S 2 × S 2 in the configuration.
two generations-a simple example
In order to get a simple example of configurations giving rise to two generations, let us multiply a factor α to L 1 , L 2 ,L 3 corresponding to the second S 2 of the fuzzy S 2 × S 2 in (3.1). Then eq. (3.5) is replaced by
For α < hyperplanes, we obtain a view depicted in figure 6 on the (x 5 , x 6 )-plane. The small circle that appears from x 4 = 2α has a radius R small = √ 1 − 4α 2 , and it intersects with another circle when 1 + R small > √ 2, i.e., α < as an example. We solve the eigenvalue equation (2.13) for this configuration and plot the three smallest |λ| against k in figure 7 . We observe that two of them vanish rapidly as k increases, which suggests the appearance of two pairs of chiral zero modes. 7 We take an appropriate linear combination of the two modes with the smallest |λ| so that they have definite chirality as we have done in eq. (2.15). We also do the same thing for the two modes with the second smallest |λ|. In figure 8 we show the wave functions of these chiral zero modes. The plots at the top correspond to the smallest |λ|, which look quite similar to the plots in figure 3 . These modes are essentially the ones that appeared in section 3. The plots at the bottom correspond to the second smallest |λ|. These modes are the ones that appear from the additional intersections using the small circle in figure 6 . Correspondingly, the wave functions have non-zero values within the region 31 ≤ j ≤ 36, which corresponds to the "north pole" (2α, 0, 0) of the second S 2 of the S 2 × S 2 . In particular, the right-handed mode is localized at (i, j) = (1, 31) as anticipated. In the chosen basis, we find that the chiral zero modes that appear near (x 5 , x 6 ) = (0, 0) are seen to be manifestly localized. As we did in section 3, we can change the basis in such 7 The exponential fit in figure 7 seems to suggest that the second smallest |λ| asymptotes to a small but finite number. This is also the case with the third smallest |λ| for the three-generation case shown in figure  10 . Whether this leads to a practical problem or not deserves further investigations. a way that the ones that appear near (x 5 , x 6 ) = (1, 1) are seen to be manifestly localized. By using the warp factor M again, we can get two generations of the left-handed fermions. First we restrict ourselves to the form (3.11) in order to get the left-handed mode localized at (x 5 , x 6 ) = (0, 0). Next we change the basis in such a way that the lefthanded mode appearing near (x 5 , x 6 ) = (1, 1) are seen to be localized at (i, j) = (1, 1). Then we require that the warp factor in that basis should have the form (3.11). Note that this requirement is compatible with (3.11) in the original basis since there are a lot of degrees of freedom left arbitrary in (3.11) . In fact, the number of degrees of freedom in M (1) and M (2) are k 2 and (k 2 ) 2 , respectively, whereas the restriction to the form (3.11) in a particular basis requires only (2k − 1) and (2k 2 − 1) for M (1) and M (2) , respectively.
generalization
As we have seen above, the number of generations can be deduced only from geometric arguments. Let us therefore consider a general configuration of fuzzy S 2 and fuzzy S 2 × S 2 , which can be obtained from the basic configuration (3.1) by changing the radii of the S 2 's that appear in the configuration and by shifting/rotating the fuzzy manifolds relatively. Without loss of generality, we assume that the classical manifold corresponding to the fuzzy S 2 is represented by 2) and that corresponding to the fuzzy S 2 × S 2 is represented by
We have introducedx
where R ∈ SO(6) is a 6 × 6 matrix representing a general six-dimensional rotation, and ξ is a six-dimensional vector, which represents a general shift. In order to obtain the intersections, we solve (5.2) and (5.3) simultaneously. Let us decompose the matrix R, the vector ξ and the six-dimensional coordinate x as
Since R ∈ SO(6), we have a constraint R T R = 1, which reads
In order to obtain the intersections, we may restrict ourselves to Y = 0 due to (5.2). Then we have to solve
By adding (5.8) and (5.9) and using (5.6), we obtain
From (5.10) and (5.7), we obtain
Thus the problem reduces to solving (5.7), (5.8) and (5.11) simultaneously. The intersection of (5.7) and (5.11) gives a circle, while the intersection of (5.8) and (5.11) gives an ellipse. Note that a circle and an ellipse on the same plane cannot intersect at more than four points. Therefore, we can obtain only up to two generations as far as we restrict ourselves to a general configuration of fuzzy S 2 and fuzzy S 2 × S 2 .
The intersections of (5.14) and (5.15). We have six intersecting points, at which chiral zero modes appear with the chirality shown by L and R for left-handed and right-handed fermions, respectively. 
three generations from squashed S 2
In order to get three generations, we need to go beyond the class of configurations considered in section 5.2. In general, the dominant background can be different from such a configuration in various ways. Here we show that one can actually obtain three generations by squashing one of the S 2 of the fuzzy S 2 × S 2 in the configuration. As an example, we consider a case in which the S 2 is represented by 12) and the S 2 × S 2 is represented by
We solve (5.12) and (5.13) simultaneously. First we find that x 4 = 0 or 2α 3 . Then the problem reduces to solving
14) 16) we obtain the situation depicted in figure 9 on the (x 5 , x 6 )-plane. We solve the eigenvalue equation (2.13) for this configuration and plot the four smallest |λ| against k in figure 10 . We observe that three of them vanish rapidly as k increases, which suggests the appearance of three pairs of chiral zero modes.
We take an appropriate linear combination of the two modes with the smallest |λ| so that they have definite chirality as we have done in eq. (2.15). We also do the same thing for the two modes with the second smallest |λ|, and similarly for the third smallest |λ|. In figure  11 we show the wave functions of these chiral zero modes. The plots at the top correspond to the smallest |λ|. They are peaked near (i, j) = (1, 1) and (i, j) = (6, 1), respectively. These are the modes that are localized at the intersection points (x 5 , x 6 ) ∼ (0, ±1) in figure  9 . The plots in the middle row correspond to the second smallest |λ|. These modes are the ones that appear due to the squashing. They have non-zero values for j = 6, which corresponds to the "north pole" x 5 ∼ 2α ′ 2 of the first S 2 of the S 2 × S 2 and the "south pole" x 4 ∼ 0 of the second S 2 of the S 2 × S 2 . The plots at the bottom correspond to the third smallest |λ|. They have non-zero values for j = 31, which corresponds to the "south pole" x 5 ∼ 0 of the first S 2 of the S 2 × S 2 and the "north pole" x 4 ∼ 2α 3 of the second S 2 of the S 2 × S 2 .
Similarly to the discussion at the end of section 5.1, we can get three generations of the left-handed fermions by using the warp factor M . The crucial point is that we can always choose a basis in such a way that the wave function of each generation of the left-handed fermion looks like (3.10) . The number of arbitrary elements in (3.11) is so large that one can impose the condition for each generation without conflicts. Similarly the Higgs field is expected to appear from the fluctuation a a of A a (a = 4, . . . , 9) around (2.6), which we decompose as a a =ã a ⊗b. The spectrum of the fluctuation is obtained by
in the Lorentz gauge. As a massless mode, one always has a block diagonal b with b (11) ∝ 1l and b (22) ∝ 1l for the explicit example of Y a in (3.1). In the case of the configuration with five stacks of branes in section 4, we obtain massless adjoint scalars, which do not couple to the Standard Model fermions due to the Lorentz symmetry. On top of this, one can obtain light scalar modes from the off-diagonal block connecting two of the fuzzy S 2 's in the configuration when the two spheres come close to each other. If the SU(2) branes come close to the up-type brane, one obtains a scalar, which has Yukawa couplings to the SU(2) doublets and the up-type fermions. Similarly, if the SU(2) branes come close to the down-type brane, one obtains a scalar, which has Yukawa couplings to the SU(2) doublets and the down-type fermions. In the Standard Model, these two scalar fields are related to each other by G-parity, but in the present case we obtain them as independent fields as in the two-Higgs-doublet model 9 . If the up-type brane comes close to the down-type brane, one obtains an SU(2) singlet scalar. Since the Standard Model fermions localized on these branes are both right-handed, however, this scalar field does not couple to the Standard Model fermions due to the Lorentz symmetry. Note also that since a a has six components, we have six copies of light scalar particles. Their couplings to the Standard Model fermions are different, however, since SO(6) symmetry is broken completely by the background configuration.
In general, all the scalar modes acquire mass through radiative corrections, and decouple from the low-energy spectrum. We consider that the one that couples most strongly to top quarks (and right-handed neutrinos) gets radiative correction to m 2 with minus sign, and eventually induces the electroweak symmetry breaking. Thus we obtain only the Standard Model Higgs particle at low energy although we have many more scalar particles with or without Yukawa couplings to the Standard Model fermions at high energy.
As an example, let us consider the Higgs particle that appears when the SU(2) branes and the up-type brane come close to each other. We can calculate the Yukawa couplings to the quark doublets Q L and the right-handed up-type quarks U R using the three-point coupling (2.3) in the type IIB matrix model. The 3 × 3 matrix representing the Yukawa 8 This also implies that in the M = 1l case the chiral zero modes with opposite chirality that appear from the same block interact with the gauge field in the same manner. Thus we obtain a vector-like gauge theory in that case.
9 See ref. [39] for a review. Using their notation, our situation corresponds to the type II model among the four types of the model which avoids the tree-level flavor changing neutral current. This type of the two-Higgs-doublet model has been studied intensively since it is the structure that appears in the Minimal Supersymmetric Standard Model.
couplings can be obtained simply from the overlap of the wave functions as
where I, J = 1, 2, 3 represents the generation and ∆ a represents the 8 × 8 gamma matrices in 6d. The index a = 1, . . . , 6 corresponds to the six copies of the Higgs particles. The matrixb represents the off-diagonal block of the matrix b in (6.1) connecting the SU(2) branes and the up-type brane. If one considers an extreme case in which the two S 2 coincide with each other, (6.1) has a zero mode forb ∝ 1l. As far as the two S 2 are close, we obtain a light Higgs particle withb ∝ 1l. Whether we can obtain a realistic structure of the Yukawa couplings λ IJ a by choosing the background configuration appropriately is an interesting open question.
Summary and discussions
In this paper we discussed how the Standard Model appears from the type IIB matrix model. While this issue has been discussed by many authors, the novelty of our discussion is that we take the model as it is without any modifications, and that we consider a constructive definition starting from finite-N configurations and taking the large-N limit later on. In that case, we have found in ref. [28] that realizing chiral fermions is much more difficult than one would expect from the formal arguments at N = ∞. There it was shown that chiral fermions in the extra six dimensions should appear in pairs with opposite chirality. One can, however, introduce a matrix version M of the warp factor, which enables us to make only the desired chiral fermions in six dimensions correspond to the ones in four dimensions. This is always possible by using the huge degrees of freedom in M . It remains to be seen whether the warp factor determined dynamically has the form required for the appearance of chiral fermions.
Accepting this scenario for the appearance of chiral fermions in the type IIB matrix model, we discussed whether the Standard Model appears naturally from the model. While we basically follow the idea of ref. [15] using the intersecting branes to obtain chiral zero modes at the intersections, we have shown that the Standard Model fermions appear from quite generic configurations consisting of fuzzy S 2 and fuzzy S 2 × S 2 without fine-tuning. By virtue of using the two types of fuzzy manifolds with different dimensionality, we are able to obtain just the Standard Model fermions plus the right-handed neutrino.
The Higgs sector is somewhat exotic, though. We obtain the SU(2) and SU(3) adjoint massless scalars, which do not couple to the Standard Model fermions. We also have possibilities of obtaining two light scalar modes as SU(2) doublets. One of them has Yukawa couplings to the SU(2) doublets and the up-type fermions, and the other one has Yukawa couplings to the SU(2) doublets and the down-type fermions. This part resembles the two-Higgs-doublet model [39] . Another light scalar can appear as an SU(2) singlet, which does not couple to the Standard Model fermions. All these scalar modes appear with multiplicity of six due to the number of extra dimensions. We have argued a possibility that the one with the strongest Yukawa coupling to the top quark (or the right-handed neutrino) induces the electroweak symmetry breaking due to radiative corrections to m 2 , and survives in the low energy spectrum.
The notion of generations appears naturally from the number of intersections of a pair of fuzzy S 2 and fuzzy S 2 × S 2 . Unlike in the intersecting D-brane models in compactified space, however, the number of generations that can be realized is quite restricted. We have shown that one obtains at most two generations for a general configuration with fuzzy S 2 and fuzzy S 2 × S 2 . Three generations can be obtained by squashing the S 2 or the S 2 × S 2 , but other possibilities should certainly be explored.
Since the configuration consisting of fuzzy S 2 and fuzzy S 2 × S 2 breaks the supersymmetry completely, the hierarchy problem is an important issue. Here the hierarchy refers to the one between the electroweak scale and the Planck scale. 10 Among various possibilities proposed in the literature, the TeV-scale gravity [40] and the gauge-Higgs unification [41] [42] [43] [44] [45] [46] [47] may be realized in our setup. In these two scenarios, the existence of extra dimensions plays a crucial role in explaining the hierarchy. We consider it interesting that our setup is compatible with both scenarios.
In the TeV-scale gravity, one considers that the scale of fundamental theory including gravity is only a few orders of magnitude higher than the TeV scale. The observed weakness of the gravitational force is explained by assuming that the extra dimensions are large, which makes gravity somehow diluted. Considering that the number of extra dimensions is six in the present setup, we can have extra dimensions of the TeV scale if the fundamental theory has the scale of 10 3 ∼ 10 4 TeV. Since the fuzzy spheres we discussed in this paper are expected to appear dynamically in the matrix model, we consider it possible that they have a radius which is 10 3 ∼ 10 4 times larger than the fundamental scale of the model. Thus, our setup fits naturally into the TeV-scale gravity scenario.
In the gauge-Higgs unification scenario, the Higgs fields are identified as extra-dimensional components of the gauge field in higher dimensions. Then the Higgs mass is protected from radiative corrections due to the gauge symmetry in higher dimensions. As we have discussed in section 6, the gauge fields and the Higgs fields appear from A µ (µ = 0, · · · , 3) and A a (a = 4, · · · , 9), respectively, in the matrix model. In particular, we are considering a situation in which the fuzzy S 2 's, which make up the SU(2) branes, the up-type brane and the down-type brane, come close to each other. When they coincide completely, we obtain four coincident fuzzy S 2 's, which give rise to a noncommutative U(4) gauge theory on R 4 ×S 2 generalizing the arguments in ref. [48] . In this way, the Higgs fields are identified as extra-dimensional components of the gauge field in six dimensions although the extra dimensions in our case have noncommutativity due to the fuzziness of the sphere. In fact, the fuzzy S 2 's representing the SU(2) branes, the up-type brane and the down-type brane are separated from each other as depicted in figure 5 . Because of this, the Higgs fields that appear from the off-diagonal block connecting the two fuzzy S 2 's acquire mass, but the mass is protected from radiative corrections due to the gauge symmetry in six dimensions.
There are many open questions. The most important one is whether the configurations we considered in this paper can be realized dynamically in the type IIB matrix model. As we have discussed in refs. [36, 37] , the classical equation of motion is expected to be valid at late times due to the expansion of the spatial directions. Therefore, it is expected that the configurations with a nontrivial structure in the extra dimensions are realized as a classical solution, possibly with quantum corrections (See refs. [30] [31] [32] for related studies in the Euclidean version of the type IIB matrix model.) Another important direction would be to calculate the Yukawa couplings from the overlap of the wave functions as we discussed at the end of section 6. Of particular interest is to see whether one can reproduce the experimental data as has been done in closely related models [11, 49] .
Finally, we would like to emphasize that the type IIB matrix model has been proposed as a nonperturbative formulation of superstring theory. As such, it is expected to be applicable also to cosmology. From this point of view, we consider that the emergence of (3 + 1)-dimensional expanding universe observed in Monte Carlo simulation [6] is remarkable. More recent work [50, 51] suggests the possibility of reproducing the inflation in the early universe from first principle calculations in superstring theory. We hope that the present work provides yet another clue to the origin of our universe.
